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1. Introduction 

In this paper we extend the geometric formulation of the Lax pair equation given in 
[1, 2]. In [2] a canonical transformation was used to formulate the 3-particle non- 
periodic Toda system as geodesic equations of a 3-dimensional Ricmannian space. 
However, the canonical transformation which was used depends on the particular 
system and so the method has no obvious extension to more general situations. A 
standard way to geometrize a system is to reparametrize the time variable leading to 
the Jacobi geometry, see e.g. [3]. This approach has the advantage that it always works 
for Hamiltonians of the type H = T + V with a quadratic kinetic energy. However, it 
has not been known how to transform the Lax representation to the Jacobi time gauge. 
To remedy this situation we give a recipe for transforming any Lax representation to 
the Jacobi time gauge by using the method of coupling constant metamorphosis [4] . 
It turns out that the resulting Lax system is again homogeneous of degree one in the 
momenta. However, unlike the previous examples it has a non-linear dependence on 
the momenta with some terms being proportional to the square root of the Jacobi 
Hamiltonian. As a result the original geometric formulation of the Lax pair equation 
[1] cannot be used as it stands in this context. Instead one is lead to a slightly more 
general geometric Lax representation. 

The approach to geometric formulation of integrable systems presented in this 
paper has both advantages and drawbacks. The advantages are that the dimension of 
the system is unchanged, that the metric is just a conformal rescaling of the original 
kinetic metric (usually flat space) and that the method works for any integrable 
system with quadratic kinetic energy and with an arbitrary number n of particles. 
A requirement for the method to work is that the corresponding Lax representation 
is of dimension n. It is a drawback that the time must be reparametrized and also 
that the geometric Lax formulation involves two dynamical tensors instead of one as 
was the case in the original formulation. In any case we consider the present work as 
a further step towards a more complete understanding of integrable geometries and 
their associated Lax systems. 

We also apply our results to construct two types of integrable spacetimes satisfying 
the weak energy condition in an open region. 



2. Transforming Lax pair representations to Jacobi time 

A common feature of completely integrable Hamiltonian systems is the existence of a 
Lax pair, i.e. a pair of matrices (L, A) satisfying the equations of motion 

f = [L,A], (1) 
where the time derivative is defined by 

f-tL.ll}. , 2 , 

It follows that h = k^ 1 TrL fe , k = 1, 2, . . ., is a sequence of invariants of the system. 
We consider n-dimensional Hamiltonians of the classical type 



H = T+V, T=\h a f*p a pp, V = V(q), 



(3) 
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where h a/3 is the kinetic metric. Furthermore, we restrict to Lax matrices of dimension 
n that are linear (but not necessarily homogeneous) in the momenta: 

L = L> Q + K, 

(4) 

A = A a p a + D. 

Here, L a , A", K and D are independent of the momenta. We seek a general recipe for 
transforming such a Lax representation under the Jacobi time transformation t — > tj, 
dtj = 2{E — V)dt, which maps orbits of an energy surface H = E into geodesies of 
the Jacobi geometry g a p — 2{E — V)h a p, i.e. into orbits of the Jacobi Hamiltonian 
Hj = \g a Pp a Pp — [2(-E — V)]~ 1 T. This is naturally accomplished by performing the 
time transformation as a coupling constant metamorphosis [4]. To this end we first 
of all need to introduce a coupling constant into our original Hamiltonian. This is 
accomplished by making the rescalings p a — ► \~ 1 p a and H — ► \~ 2 H, resulting in 

H = T + \ 2 V, (5) 

where T is defined by its original functional form. The transformation is noncanonical, 
yet when accompanied by the time rescaling t — > At, the canonical equations of motion 
are preserved. However, the same does not hold true for the Lax equation (1), but this 
is a drawback which just as easily can be cured by making another rescaling, namely 
A — > A _1 A. Finally, we fix the gauge freedom to make arbitrary rescalings of L by 
letting L — > A _1 L, which gives the rescaled Lax pair 



L = L a p a + AK, 
A = A a p a + AD. 



(6) 



The passage to the Jacobi time tj can now be obtained as a coupling constant 
metamorphosis acting on the coupling constant n := ^A 2 which has entered the 
Hamiltonian. However, to end up with the homogeneous Hamiltonian Hj when 
solving a fixed energy constraint for k, we need to hold on to the interpretation 
of the parameter E as the energy value of the original Hamiltonian H = T + V, 
thereby making X 2 E the corresponding energy value of the rescaled Hamiltonian 
H = T + X 2 V. This in fact means that we are not really dealing with a coupling 
constant metamorphosis in the original sense, as the old energy E does not enter 
linearly into the new Hamiltonian Hj. Nevertheless, it is not difficult to realise that 
the results of [4] still apply. It thus follows that when substituting Hj for k (i.e. \/2Hj 
for A) in the expressions for H, L and A above, the original Lax equation (1) can be 
written as 

^- = [2(E-V)]- 1 \L,A], (7) 

where 

£={L,tf. /} , (8) 

and the factor [2(E — V)]^ 1 in front of the matrix commutator arises from the fact 
that d/dt = 2(E — V)d/dtj. Absorbing this factor into A, we obtain the final time 
transformed Lax equation. To summarise, the original Lax pair system with H, L and 
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A given by equation (3) and equation (4), is transformed to the Jacobi time gauge 
according to 

H J = [2(E-V)]- 1 T, 

Lj = L>« + V2S7K, (9) 

A J = [2{E-V)]- 1 (A a p a + V2ff]n). 

Note that all of these objects are homogeneous in the momenta although the two Lax 
matrices are not polynomials. In the following we will suppress the index J referring 
to the Jacobi time and absorb the factor [2(E — V)]^ 1 into the definitions of A" and 
D, thus focusing on the geodesic Lax pair systems given by 

h = y af} PaPf3 , 

L = L a p a + V2HK, (10) 
A = A a Pa + V2ff D. 

3. The Lax pair tensors 

In [1], a geometrical formulation of the Lax equation was found by demanding that 
the tensors corresponding to the Lax matrices should be linear and also homogeneous 
in the momenta. We now generalise this geometrization by taking the system (10) as 
our starting point. This leads us to write the components of the Lax matrices with 
mixed indices (i.e. row indices contravariant and column indices covariant) so that 
L = [L a p ), A = (A a p), K = {K a p) and D = (K a p). We then extract the geometrical 
objects L a p 1 , A a fj 7 , from the components of (10) 

L a p = Ly Pl + V2H K a p , 

^_ (11) 
A a (i = A7p 7 + y/2HD a . 

Next we define connection matrices by r 1 = (r a /3 7 ) where T a p 1 = g lS T a ps and T a p 1 
is the Levi-Civita connection associated to the Jacobi metric. In the following, the 
Jacobi metric will be used to raise and lower indices in this way on other objects 
as well. Judging from the original Lax tensor formulation we expect that L a and 
thereby also K will be tensors. Anticipating this result we replace partial derivatives 
with covariant derivatives according to recipes 

L«,/3 = L Q;( g + [L a , Tp] — L^L^ 

r i (12) 
K, a — K ;Q + [K, r a ] . 

This procedure will be justified below. Using (4), the commutator [L, A] of the Lax 
equation can be written in the form 

{[L a ,A^+[K,U]g^) PaP p + V2H Pa ([L a ,r>} + [K,A a ]). (13) 

The Poisson bracket {L, H}, on the other hand, using (12), becomes 

(L a ^+ [L a ,rP])p a pp + V2Hp a (K< a + [K,r a ]). (14) 
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Identifying terms in (13) and (14) yields the following form of the Lax equations: 

L( a;/ 9) = [L(a> B /3)] + I K ' D ] 9a0, 

(15) 

K ;a = [L a ,D] + [K,B a ], 

where we have defined B" = A" — r a . This shows that we can consistently interpret 
L, B, K and D as tensors since equations (15) are then manifestly covariant. However, 
note that A" is a connection-like object. By setting K = 0, D = 0, the second of 
equations (15) becomes an identity while the first equation reduces to the Lax tensor 
equation of [1]. 



4. Examples 

We now apply the above geometrized Lax formulation to some systems with known 
Lax representations. They are all of the form (3) with flat kinetic metric h a p — 8 a p- 
For the systems considered below, it is found that the matrix L* := Jj a p a is diagonal, 
while K has no diagonal elements. It follows that TrK = and Tr(L*K) = 0. In 
addition, and K satisfy 

TrL* = ^>a, Tr(L 2 ) = 2T, Tr(K 2 ) = 2V, (16) 

so that the first two invariants of the geometrized system are 
h = TrL = J2 a Pa, 

(17) 

h = 5 Tr(L 2 ) =T + 2HV = = 2EH. 
Also, the metric for these models is given by 
g _ Tr(L«l/) 

y 2£-Tr(K 2 )' [ ' 

where Tr(L Q L /3 ) = h a/3 . 

The results obtained below for the different models have been verified for the case 
n = 3, using the package GRTcnsorll [5] for MapleV. 

4-.1. The Toda lattice 

First, we will consider the n-particle non-periodic (open) Toda lattice, for which 

n-l 

V = J2 a ?, ^ = cxp(<f -<f +1 ). (19) 

i=l 

A standard Lax representation of this system is [6] 

L = L l j = YJl=i PkS\6j k + a-k (5 l k5j.k+i + 6 l k+ iSj k ) , 

(20) 

A = A l j = YJk=i fl fe (S\$j,k+i - 5 % k+1 5 jk ) ■ 
From this Lax representation we find 
L a = Ly = S ia Sf, 

K = K*j = ELi °fe {S\hk+i + S\+i6j k) , (21) 

A a _ n r>a pa j-> _ 1 A 
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Note that the factor [2(E — V)]^ 1 is absorbed into D, as discussed in section 2. 

We note in passing that the results for a periodic Toda lattice can be obtained by 
letting the sum in (19) run from 1 to n and by employing the cyclicity conditions 

q n+1 ^q\ $*„+!-> <W ->*,•!. (22) 

4-2. The Calogero-Moser system 

Our second example is the Calogero-Moser system (the type I system of [7]). The 
potential is 

^ = 5>J> a, j = — L^. (23) 
i<j q q 

A well-known Lax representation of this system is [7] 

L = L % 3 = X)fe=i PkS\6j k+i{l- S l j)di j, 

(24) 



A = A i j =i(6 i j ^ i a z l-(l-6 i j )a? j ) 



from which it follows that 

L a = ISf = 6 ia 6f, 

K = K i j =i(l-6 i j )a ij , (25) 

A a _ n dq _ _ ria r> 1 A 

' J 1 ^ 2(£-V)- rt - 



5. Four-dimensional spacetime generalisations 

In general relativity symmetries of spacetime play an important role. Many examples 
of spacetimes with linear invariants, corresponding to Killing vectors, are known [8]. 
However , higher-order invariants (apart from the trivial quadratic invariant g a ^p a p/s, 
associated with the metric) are quite rare. A well-known example is the second-rank 
Killing tensor of the Kerr spacetime [9] , which together with the two existing Killing 
vectors enable a complete integration of the geodesies of that system. Examples of 
spacetimes with a non-trivial third-rank Killing tensor were given in [2], but apart 
from that, such Killing tensors are to our knowledge unknown. In this perspective, 
it is of interest to extend the Riemannian geometries obtained above (with n = 3) to 
four-dimensional spacetimes that inherit the symmetries of the original geometry. The 
simplest generalisation is obtained by introducing a timelike coordinate q° according 
to 

< 4 W = -(dq f +ds 2 1 (26) 

where ds 2 = 2(E - V)h al3 dq a dq /3 , a,j3 e {1,2,3}, and V is one of the potentials 
studied above. Note that the condition E > V must be satisfied for the metric to 
have Lorentzian signature. This is not a serious drawback, since the sign of E — V is 
preserved along the geodesies of the metric (26). Hence a completely integrablc (1+3)- 
dimcnsional geometry is well-defined in the region E > V. In general, these spacetimes 
are of Petrov type II. Choosing a particular potential V, the Petrov type may be 
further specialised. The Toda and Calogero-Moser potentials both lead to Petrov 



7 



type II spacetimes. In a Lorentzian frame corresponding to the given coordinates, the 
energy-momentum tensor T ab , a, b <E {0, 1, 2, 3}, for a spacetime of this type satisfies 
T 0a = and can thus be diagonalised using a rotation of the spatial part of the frame. 
Another characteristic feature is the fact that the eigenvalue equation for the spatial 
part of T ab naturally factorises into one linear and one second-degree equation. This 
is due to the existence of the space- like Killing vector TrL". The linear equation 
gives the anisotropic pressure in the direction of this Killing vector. In terms of 
rpab _ 2(£? _ V) 3 T ab , the Lorentzian frame components of the energy-momentum 
tensor for the Toda spacetime become 

f 00 = 8EV - 2 £-=i a?{a? + lla, 2 +1 ), 

T aa = -2(V + a 2 +1 )E + (V + 9a 2 +1 )(V - a 2 +1 ), (27) 

f^ a+1 = (-2E + 5V- &a 2 )a 2 - 3a 2 _ ia 2 +1 , 

where it is to be understood that indices are added modulo 3. These expressions hold 
for the open case (013 = 0) as well as for the closed case (010203 = 1). Diagonalising 
the energy-momentum tensor gives T ab = diag {p,p\, P2,Pz), where 

f 00 , 



p 1 =-4£V + 12£- = 



*»+!> 



(28) 



p 2 , 3 = A± VA 2 - A, 

A = -2EV + Eti a ?( a ? + W+i) 

A = 12(-13E + 9V) ai 2 a 2 2 a 3 2 + 2J2ti^{GE 2 ai 2 +1 - 

E[4a? + -ia 2 +1 {a 2 + a 2 +1 )} + 9a 2 +1 (a 2 - a 2 +1 ) 2 }. 

Since the eigenvalues of T ab are related to those of T ab by a positive factor whenever 
the metric signature condition E > V holds, the weak energy condition [10] reads 
ft > 0, p, + p a > which is equivalent to ft > 0, fi + pi > 0, p, + A > 0, A > 0. 
At the spatial origin q a — 0, where V = 2 (V = 3) for the open (closed) case, these 
inequalities are satisfied if E > 2 (E > 3). Hence by continuity, there must be some 
open region in (E, g a )-space where the metric signature condition and the weak energy 
condition hold simultaneously. 

Calculating T ab for the Calogero-Moser spacetime yields the result 

n00_ov^3 A j-, 4 _ / 3 , 3 \2_ A „2„2 f„2 



T 00 = g AEat _ (fl .3 + a 3 +i) 2 _ Aa 2 a 2 +i{a 2 + a 2 +ih 

2 

a+1 



T aa = -SEia^ + o Q 4 + 2o Q 4 +1 ) + 3(o Q 4 _! + o Q 4 )a 2 



+3(V - a 2 +l ){a 2 _ ia 2 + 2a Q 4 +1 ) - 2a Q 3 _ lfto 
+4(a a 3 _j + a Q 3 K 3 +1 + 2 E-=i 

f a , a+ l = _ 3aQ 4 ( ^ _ y + ^2) + 3aa 3 (aa 3_ i + a 3 +i) 

-3a; 



(29) 



where T is defined as in the Toda case. As a Calogero-Moser system with three 
particles can be viewed as a system with nearest-neighbour interaction, we have used 



8 



the notation dj = (q l — <7 l+1 ) _1 , V = J2i=i a ? ■ The eigenvalues of T ab can be written 
down in a form analogous to the Toda case. We choose not to do so here, however, 
as the expressions are more complicated and not very illustrative. As for the Toda 
system, there is a region where the weak energy condition is satisfied. This can be 
verified, e.g. by setting q 1 = —1, q 2 = 0, q 3 = 1, which gives V — 9/4 and the 
following eigenvalues for T ab : 

M - — - 264), 
~ _ 99 ( 771 793 \ 

Pi ~ --g"^ _ 396)' (30) 

P2 l3 = -^-^)±^|15£7-46|. 
For E > 9/4, these eigenvalues satisfy the weak energy condition. 
6. Discussion 

In this paper we have presented a general procedure for obtaining a tensorial Lax 
representation from known Lax pair matrices. The tensorial representation is obtained 
via a time reparamctrization. It has two dynamical Lax tensors (L and K) , instead of 
only L as in the original geometric formulation [1]. One advantage with this particular 
geometrical formulation is that it provides a straight-forward recipe for obtaining Lax 
tensors from a known Lax representation. Indeed, any n-dimensional Hamiltonian 
system of the classical form (3) that has a Lax representation of dimension n can be 
geometrized in this way. 
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